Let (X , d, μ) be a metric measure space satisfying the upper doubling condition and geometrically doubling condition in the sense of Hytönen. In this paper, the authors establish the boundedness of the commutator generated by the RBMO(μ) function and the Marcinkiewicz integral with kernel satisfying a Hörmander-type condition, respectively, from L p (μ) with 1 < p < ∞ to itself.
Introduction
In , Marcinkiewicz [] introduced the integral on one-dimensional Euclidean space R, which is today called the Marcinkiewicz integral, and conjectured that it is bounded on L p ([, π]),  < p < ∞. Zygmund in [] proved the Marcinkiewicz conjecture. In , Stein [] generalized the above Marcinkiewicz integral to the higher-dimensional case. Let be homogeneous of degree zero in R n , n ≥ , integrable and have mean value zero on the unit sphere S n- . The higher-dimensional Marcinkiewicz integral is then defined by
Stein [] proved that if ∈ Lip α (S n- ) for some α ∈ (, ], then M is bounded on L p (R n )
for p ∈ (, ] and also bounded from L  (R n ) to L ,∞ (R n ). Since then, many papers focused on the boundedness of this operator on various function spaces. We refer the reader to [-] for its developments and applications. The main purpose of this paper is to establish the bound of the commutator generated by the Marcinkiewicz integral and the RBMO(μ) function on the non-homogeneous metric measure spaces.
During the past  to  years, considerable attention has been paid to the study of the classical theory of harmonic analysis on Euclidean spaces with non-doubling measures only satisfying the polynomial growth condition (see [-] 
They also showed that if the Marcinkiewicz integral is bounded from
it is bounded from L ∞ (μ) to RBLO(μ) (see [] ), which is a proper subset of RBMO(μ).
These results essentially improve the existing results in []. Now we recall some necessary notions and notation.
The following notion of the geometrically doubling is well known in analysis on metric spaces, which was originally introduced by Coifman and Weiss in [, ] and is also known as metrically doubling. 
It was proved in [] that if a metric measure space (X , d, μ) is upper doubling and α, β ∈ (, ∞) satisfying β > c
with n = log  N  and μ a Borel measure on X which is finite on bounded sets. Hytönen [] also showed that for μ-almost every x ∈ X , there exist arbitrary small (α, β)-doubling balls centered at x. Furthermore, the radii of these balls may be chosen to be of the form α -j B for j ∈ N and any preassigned number r > . Throughout this paper, for any α ∈ (, ∞) and ball B, the smallest (α, β α )-doubling ball of the form α j B with j ∈ N is denoted byB α , where
In what follows, by a doubling ball we mean a (, β  )-doubling ball andB  is simply denoted byB. Now we recall the definition of RBMO(μ) from [] .
is said to be in the space RBMO(μ) if there exist a positive constant c and, for any ball B ⊂ X , a number f B such that
and, for any two balls B ⊂ S,
The infimum of the positive constant c is defined to be the RBMO(μ) norm of f and denote by f RBM(μ) .
In [] , it follows that the definition of RBMO(μ) is independent of the choice of ρ ∈ (, ∞).
The following equivalent characterization of RBMO(μ) was established in [] .
Then the following statements are equivalent:
and, for any doubling balls B ⊂ S,
Moreover, let f * be the infimum of the positive constant c in (). Then there exists a constantc such that
We show that the commutator M b , associating with b ∈ RBMO(μ) and M, which is defined by
Our main result is as follows.
Theorem . Let K satisfy (.) and the following Hörmander-type condition:
with the bound no more than c p b RBMO(μ) , where  < p < ∞.
Remark . The Hörmander-type condition (.) is slightly stronger than (.).
The organization of this paper is as follows. In Section , we introduce the sharp maximal operator M # , associated with K B,S and prove Lemma .. This technical lemma is of independent interest. Section  is devoted to the proof of Theorem .. Throughout this paper, we denote c a positive constant which is independent of the main parameters involved, but may vary from line to line. For any ball B ⊂ X , we denote its center and radius by c B and r B . m B f means that
The sharp maximal function
For a locally integrable function f , let M # f be the sharp maximal function of f , namely, for
where c r >  is independent of f and x. We recall some results in [] .
The following maximal operators defined, respectively, by setting, for all f ∈ L  loc (μ) and x ∈ X :
and
In Lemma ., if  < r < , using the Hölder inequality, we have M r,ρ f (x) < M ρ f (x). So Lemma . is right when  < r < .
We also need the following Calderón-Zygmund decomposition theorem obtained by Bui and Duong [] . Let γ be a fixed positive constant satisfying that γ > max{c
where c λ is as in Definition . and n as in Remark ..
where γ  is some positive constant depending only on (X , μ), and there exists a positive constant c, independent of f , t and j such that, when p = , it holds true that
and, if p ∈ (, ∞), it holds true that 
where f B can be seen in definition of RBMO(μ).
From Lemma ., it is easy to prove that there are two positive c  , c  such that, for any ball B and b ∈ RBMO(μ),
Lemma . There is a constant c such that, for any a >  and t  , t  > ,
This lemma had been established in [] . We also need some useful properties of K B,S , which were proved in [, ]. Lemma . Let K satisfy (.) and the Hörmander-type condition (.). We have s ∈ (, ∞),
Proof Without loss of generality, we may assume b RBMO(μ) = . To prove Lemma ., it suffices to prove that
for all x ∈ B and
for all balls B ⊂ S with x ∈ B, where B is an arbitrary ball and S is a doubling ball,
To prove (.), for a fixed ball B, x ∈ B and f ∈ L ∞ (μ), we write
So we can write
By the Hölder inequality and Corollary . in [], we see that
To estimate A  , from the Hölder inequality, the L  (μ)-boundedness of M and Corol-
lary . in [], it follows that
where we use the fact that |m 
To obtain (.), we still need to estimate A  . Set
For any x, y ∈ X , we have (see also [], p.)
Applying the Minkowski inequality and (.) we conclude that, for all x, y ∈ B,
where we use the doubling condition of λ,
. Now for all x, y ∈ B, by the Minkowski inequality we have
In Lemma ., we write a
, and
. From this we have
where we use (.). For M  we estimate
Combining these estimates above, we get
So the estimate (.) is proved. Now we prove (.). Consider two balls B ⊂ S with x ∈ B and let N = N B,S + , where S is a doubling ball. Write |h B -h S | as
As in the estimate for the A  , we have B  ≤ c f L ∞ (μ) . To estimate B  , for y ∈ X , we get
For y ∈ R, we have
where we have used |m
In order to estimate B  , for y ∈ B, we get
That is to say,
. Combining the estimates through B  to B  establishes (.), which completes the proof of Lemma ..
Proof of Theorem 1.10
In this section, we prove Theorem .. Let  < r < , we prove that, for any p ∈ (, ∞), b ∈ L ∞ (μ), and all bounded functions f with compact support,
Once (.) is established, it follows from the Marcinkiewicz interpolation theorem that
This via Theorem . in [] states that, for any p ∈ (, ∞), b ∈ L ∞ (μ), and all bounded functions f with compact support and integral zero,
In 
, where
. Using (.) and Lemma . we have
where  < s < p. Similar to [], Section ., we have, for any f ,
From this we write
According to the weak type - estimate for M ρ , we have, for any λ > ,
Taking  < p  < p, it follows that
For D  , it follows that
where we use Lemma .(). To estimate D  , by the fact i ϕ i ≤ ct, we have
In order to estimate D  , we write
For each i, we have
By the vanishing moment of h i , it follows that
Similar to D  , we have
Next we estimate D  . If supp f ⊂ B for some ball then, for any ρ >  and x ∈ X \ ρB, we have 
